Abstract. We introduce a notion of (S + N)-triangular operators in the Hilbert space using some basic ideas from triangular representation theory. Our notion generalizes the well-known notion of the spectral operators so that many properties of the (S + N)-triangular operators coincide with those of spectral operators. At the same time we show that wide classes of operators are (S + N)-triangular.
where E is the resolution of the identity for S. (We use the symbol S δ for the restriction of S to the subspace H(δ) = E(δ)H.) N. Dunford [4, 5] introduced the notion of the spectral operator and investigated the class of the spectral operators. This theory was actively developed in numerous papers and books [6] . of a bounded scalar type operator S and a quasi-nilpotent operator N commuting with S.
It is proved (see [6] ) that the decomposition (1.3) is unique. 2. However the requirements on the commuting S and N are very strong. Various important operators do not have this property. In the present paper we use some ideas of the spectral operators theory [4] , [5] and triangular representation theory [18] [19] [20] . We again consider the representation of the operator T in the form (1.3), where S is a bounded scalar type operator and N is a quasi-nilpotent operator. However, we do not assume that the operator N commutes with the operator S. Let us formulate our assumption.
We denote E(δ) by E t if δ = (−∞, t]. We assume, that the chain of the orthoprojectors E t is maximal and E t NE t = NE t , −∞ < t < ∞.
(1.4) 1.4 Let us remind the notion of the maximal chain Definition 1.5 Definition 1.5 The chain of the orthoprojectors
It follows from (1.2) and (1.4) that
According to (1.6) the subspaces H t = E t H are invariant subspaces of the operator T . Hence,formula (1.6) gives the triangular structure of the operator T (see [18] , [19] [20]). Additional conditions Let λ be a regular point of the resolvent (S − λI) −1 .
ddition condition
Then the operator (S − λI) −1 N is quasi-nilpotent. Let λ be a regular point of the resolvent (T − λI) −1 . Then the operator (T − λI) −1 N is quasi-nilpotent. It is easy to see that all the spectral operators are (S+N)-triangular as well. Example 1.9 Example 1.9 Let us consider the case when dimH = 2 and
where λ =µ and a =0.
In case (1.7) we obtain
The corresponding maximal chain of the orthoprojectors is defined by the relations
(1.9) 1.9 Taking into account (1.7) and (1.8) we obtain that
(1.10) 1.10 Hence,the operator T is (S+N)-triangular, but it is not spectral. 
We introduce the operators
It is easy to see that S is a bounded scalar operator,N is a quasi-nilpotent operator.Again as in Example 1.9 we have
Let us define the corresponding maximal chain of the orthoprojectors E t :
Hence,the operator T is (S+N)-triangular, but it is not spectral. It is obvious that the set of (S+V)-triangular operators is a part of the set of (S+N)-triangular operators.The general theory of (S+N)-operators and (S+V)-operators is developed in section 2. We apply the general theory of the (S+V)-triangular operators to the operators of the form (sections 3 and 4)
We found the spectral mapping theorems, conditions of the decomposable spectrum and estimations of the resolvent R λ (T ) = (λI − T ) −1 . In the last section 5 we investigate the triangular integro-differential operators with difference kernels
In particular, we obtain the following result: Generally the operators of the form (1.16) are not (S+V)-triangular.
(S+N)-triangular operators, spectral mapping theorems
Spectral operators have such important property (see [6] ): σ(T ) = σ(S).
We shall prove that S+N-triangular operators have this property as well.
Theorem 2.1 Theorem 2.1 Let the operator T be (S+N)-triangular.Then
Proof. If λ / ∈σ(S), then we have
According to additional conditions the operator (S−λI) −1 N is quasi-nilpotent. In view of (2.2) the operator (T − λI) is invertible and λ / ∈σ(T ). In the same way we prove that the relation λ / ∈σ(S) follows from the relation λ / ∈σ(T ). The theorem is proved. 
where the operator V p is quasi-nilpotent and compact.
The following spectral mapping theorem is valid.
Theorem 2.3 Theorem 2.3 Let the operator T be (S+V)-triangular and a function f (z)
is analytic on a neighborhood of σ(T ) . Then
Proof. Using relation (2.3) we see that relations (2.4) holds, if f (z) = p(z) is a polynomial. Let us consider the case when f (z) = r(z) = p(z)/q(z) is a rational function, where p(z) and q(z) are polynomials and and q(z) has no zeros in σ(T ). Hence, we have
Taking into account Corollary 2.2 and equality (2.5) we obtain the following equivalent assertions:
From the assertions i and iii we have
If f (z) on a neighborhood of σ(T ) is an analytic function then there is a sequence r n (z) of rational functions with no poles in σ(T ) and such that r n (z) tends to f (z) uniformly on σ(T ) (see [16] , Runge's theorem). Thus, we obtain
We use the following well-known formula
where C is an admissible contour surrounding the spectrum of T, f (z) is an analytic function on a neighborhood of σ(T ) . Relations (2.6)-(2.8) imply the assertion of the theorem. 
where the operator V f is quasi-nilpotent and compact.
Proof. It follows from (2.7) and relation
where
The operator V n is quasi-nilpotent and compact. Then in view of (2.11) the operator V f is quasi-nilpotent and compact too. The Proposition is proved. According to (2.3),(2.4) and (2.9) we have:
Proposition 2.5 Proposition 2.5 Let the operator T be (S+V)-triangular and f (z) is an analytic function on a neighborhood of σ(T ).Then
3 (S+N)-triangular operators, where the operator S is self-adjoint 1.Let us consider the bounded operators T :
acting in the Hilbert separable space H. We assume that operator Q is self-adjoint,operator B is self-adjoint and compact. We need the following definition (see [15] , [8] ):
Definition 3.1 Definition 3.1 We denote by H ω the Banach space of compact operators B for which
where s n (B) is the sequence of the eigenvalues of the operator (B ⋆ B) 1/2 .
Now we obtain the conditions under which the operator T is (S+V)-triangular.
Theorem 3.2 Theorem 3.2 Let the following conditions be fulfilled: 1.The operator T has the form (3.1).
2.The spectrum of the operator T is real. 3.The corresponding operator B belongs to the Banach space H ω . Then the operator T is (S+V)-triangular, where the operator S is selfadjoint, the operator V is quasi-nilpotent and compact.
Proof. V.I.Macaev [15] showed that the operator T , which satisfied the conditions of the theorem, has a non-trivial invariant subspaces. There exists a quasi-nilpotent and compact operator such that relation (1.4) is valid and
Let us introduce the operator S:
It follows from (3.3) that operator S is self-adjoint. In view of (3.4) we have
As the operator S is self-adjoint then relation (3.5) implies relation (1.2). Now the assertion of the theorem follows directly from equality (3.4). 2. By H p is denoted the class of compact operators B such that
Theorem 3.2 was proved in the paper [19] under condition that p = 2 (HilbertSchmidt class). Later Theorem 3.2 was proved for the case p > 2 (see [22] ). It is easy to see that H p ⊂H ω for arbitrary p≥1.
3. Let the operator T be (S+V)-triangular and let the operator S be selfadjoint. Using formula (2.2) we obtain
The operator S is self-adjoint and the operator V 1 (λ) is quasi-nilpotent.Hence, we have:
3 Let the operator T be (S+V)-triangular and let the operator S be self-adjoint.Then
We introduce the sequence of functions r n (y) = sup −∞<x<∞ ||c n (x + iy)|| 1/n , λ = x + iy. (3.10) 3.10 . We denote by N (y) a number of r n (y) greater than |y|/2, |y| =0. It follows from (3.7), (3.9) and (3.10)that
Further we need the following definitions [3] . 
2)LetH i be another closed linear invariant subspace of the operator T such, that σ(T /H i )⊂σ(T /H i ). ThenH i ⊂H i .
Remark 3.6 Remark 3.6 The notion of decomposable operators [3] coincides with the notion of S-operators [14] . holds, then the corresponding operator T is decomposable.
Proof. According to (3.11) and (3.12) we have [14] ).The assertion of the proposition follows from Levinson's condition (3.13)(see [14] ). where µ n = lnN (1/n). Thus, formula (3.15) is an analogue of the formula (3.2).
Corollary 3.9 Corollary 3.9 Let the operator T be (S+V)-triangular and let the operator S be self-adjoint.If the inequalities
are valid, then
Using Proposition 3.7 and Corollary 3.9 we obtain the statement. 
(Here the function φ(x) is bounded and real, Γ(z) is the Euler gammafunction.)
In this case we have
It follows from (4.3) that
Using (3.8) and (4.4) we obtain the inequality
By Stirlings formula we get
According to (4.5) and (4.6) the number N (y) in this case is defined by the relation N (y)≤C|y|
Then in view of (3.11) the following statement is valid. 
where the function φ(x) is bounded and real, the kernel v(x, t) is such that Here the function φ(x) is bounded and real and 
)], x→0. (4.14) 4.14 Proof. It follows from (4.13) that the function E β (x) is continuous in the domain (0, ω] and
Using relations
we obtain
Inequality (4.17) implies the inequality (4.14). The Lemma is proved. The following statement is valid (see [21] ,p.24). Proof. Indeed, according to (4.14) we have
This proves the Proposition. The operators V β have an important property:
Theorem 4.7 Theorem 4.7 The operators V β , (β > 0) defined by formula (4.11), form a semi-group, i.e.
Proof. The operator V α V β can be represented in the form
We write the well-known formula (see [1] ,section 1.5)
With the help of (4.13) and (4.22) we rewrite equality (4.21) in the form
Changing the variable s = u − t and the order of integration in (4.23) we have
Using (4.22) and (4.24) we obtain the equality U α,β (x) = 1 Γ(α+β) E α+β (x). The Theorem is proved. 2. The estimation of m(nβ), when n is great By virtue of (4.13) and (4.18) we derive where A = −C + 1 + ln(ω). The function e As s nβ s −s has maximal value at the point s 0 such that
(4.27) 4.27 It is easy to see that 2. Let us introduce the functions [20] :
Definition 5.3 Definition 5.3 We say that the number β belongs to the set
We say that the number β belongs to the set
We have proved the following statements [20] : We denote by K λ and Q λ the null space and the range space of T − λI respectively. 2)m = 0, if condition (5.7) is not fulfilled.
The following assertion is valid.
Theorem 5.9 Theorem 5.9 Let a bounded operator T have form (5.1) and let conditions (5.2) be fulfilled. If the corresponding set ∆ contains two different points, then the operator T is not (S+V)-triangular.
Proof. We assume that T is (S+V)-triangular, i.e. T f = φ(x)f (x) + V f . We note that the operator V is compact and e ixλ →0 in a week sense when λ→∞. Hence, we have ||T e ixλ − φ(x)e ixλ ||→0, λ→∞. By comparing the last relation and (5.6) we obtain |(−iλ)s 1 (λ) − φ(x)|→0, λ→∞. 
3.Weyl Spectrum
We write σ(T ) and w(T ) for the spectrum of T and Weyl spectrum of T respectively.Proposition 5.8 implies the assertion. Weyl spectrum w(T ) has the following spectral mapping property [7] : 
